Abstract. It is well known that for an arbitrary n-tuple of commuting contractions, n ≥ 3, neither the existence of isometric dilation nor the von-Neumann inequality holds. In this paper we provide an explicit isometric dilation for a large class of n-tuple (n ≥ 3) of commuting contractions. The present class of tuples of operators is motivated by a polydisc version of commutant lifting theorem by Ball, Li, Timotin and Trent. The present class of operators is larger than the one considered in [9] . Also we prove a sharper von-Neumann inequality on an algebraic variety in the closure of the polydisc in C n .
Introduction
This paper concerns contractive and isometric dilations, commutant lifting theorem and von Neumann inequality for commuting n-tuples of contractions, n ≥ 3, on Hilbert spaces. We denote by T n (H) the set of all ordered n-tuples of commuting contractions on a Hilbert space H: T n (H) = {(T 1 , . . . , T n ) : T i ∈ B(H),
where B(H) denotes the set of all bounded linear operators on H. The existence of isometric dilations, commutant lifting theorem and von Neumann inequality for a single contraction on a Hilbert space are useful tools for analyzing the structure of bounded linear operators on Hilbert spaces and related function theoretic problems like (Toeplitz) corona theorem, Nevanlinna-Pick interpolation theorem, Caratheodory-Fejer theorem and invariant subspace problem. On the other hand, Ando's powerful isometric dilation theorem and the von Neumann inequality for elements in T 2 (H) provides deep insight into the complicated structure of commuting pairs of bounded linear operators and similar function theoretic problems in C 2 . However, neither the existence of isometric dilations nor the von Neumann inequality holds in general when n > 2. For instance, see the counterexamples by Varopoulous [32] and Crabb and Davie [13] (the von Neumann inequality does not hold in general for tuples in T 3 (H)), and Parrott's example [31] of a tuple T ∈ T 3 (H) such that T does satisfy the von Neumann inequality but does not dilate to three commuting isometries. Also see Choi and Davidson [11] , Drury [19] , Holbrook [21, 22] , Knese [24] and Kosiński [25] for relevant examples and results.
An intriguing question therefore is to characterize n tuples T in T n (H), n ≥ 3, such that T admits an isometric dilation (and satisfy the von Neumann inequality over a variety in D n or D n in the sense of [1] , [16] , [17] and [9] ). This has turned into one of the most challenging questions in multivariable operator theory and functions of several complex variables. However, the research in this direction seems unexplored except the work of Grinshpan, KaliuzhnyiVerbovetskyi, Vinnikov and Woerdeman [20] and the recent paper [9] (and also see Ball, Li, Timotin and Trent in [8] ).
The purpose of this paper is to study a class of n-tuples of commuting contractions P n (H) (n 3) (see subsection 2.3) admitting (isometric) dilations to the Hardy space over D n . The existence of isometric dilations for tuples in P n (H) is known by the commutant lifting theorem obtained by Ball, Li, Timotin and Trent in [8] . Here we first prove an explicit isometric dilation for tuples in P n (H). This is achieved via an explicit commutant lifting theorem which is similar to that of [8] . However, the core of our approach uses a technique of McCullough and Sultanic's [26] commutant lifting on an annulus. The class of commuting contractions considered in this article is larger than the one considered in [9] . Also as an application, we obtain a version of sharper von Neumann inequality, in terms of algebraic varieties inD n , for finite rank tuples in P n (H). The rest of the paper is organized as follows. In the next section we set up notation and terminology. In Section 3, we consider the dilation of finite rank commuting operator tuples in the class P n (H). This is obtained by first proving a general commuting lifting theorem. A sharp von Neumann inequality on varieties is considered in Section 4.
Preliminaries
In this section, we set up some of the needed background and terminology on n-tuples of commuting contractions. We follow the same notation as in [9] . We set
. . , n}, and for each multi-index k ∈ Z n + , commuting tuple T = (T 1 , . . . , T n ) on a Hilbert space H, and z ∈ C n we denote
2.1. Dilations. Let H and K be Hilbert spaces, and let T ∈ T n (H) and V ∈ T n (K). Following usual convention, we say that V is a dilation of T if there exists an isometry Π :
for all k ∈ Z n + . We also say that T dilates to V . If, in addition, V is a commuting tuple of isometries, then we say that V is an isometric dilation of T .
If V ∈ T n (K) is a dilation of T ∈ T n (H) with the isometry Π : H → K as above, and
then it follows that (cf. [9] ) Q is a joint invariant subspace for (V * 1 , . . . , V * n ), (T 1 , . . . , T n ) on H and (P Q V 1 | Q , . . . , P Q V n | Q ) on Q are unitarily equivalent (via the unitary Π : H → Q), and
for all k ∈ Z n + . Here P Q denotes the orthogonal projection of K onto Q. This therefore implies that the tuple T has a power dilation (in the sense of Sz.-Nagy and Foias and Halmos ( [29] )) to the tuple V .
Szegö tuples. The Hardy space
Moreover, for a Hilbert space E, the E-valued Hardy space on D n is denoted by
and η ∈ E. It is well known that the B(E)-valued function
, where
The elements of S n (H) are called Szegö n-tuples (cf. [9] ). The following theorem (see [14] , [15] and [28] ) says that a pure Szegö n-tuple admits an isometric dilation to a (canonical) vector-valued Hardy space over D n . Recall that an n-tuple T ∈ T n (H) is said to be pure if
is an isometry and
Π for all i = 1, . . . , n.
The isometry Π defined above is called the canonical isometry.
2.3.
Commuting tuples in P n (H). This class of n-tuples of operators, n ≥ 3, is motivated by the commutant lifting theorem on the polydisc by Ball, Li, Timotin and Trent [8] . We introduce first some notations. Let A ∈ B(H). The conjugacy operator corresponding to A is the completely positive map C A : B(H) → B(H) defined by
Also for T ∈ T n (H) and 1 ≤ i ≤ n, definê
the (n − 1)-tuple obtained from T by deleting T i . An n-tuple T ∈ T n (H) is said to be in P n (H) ifT n ∈ S n−1 (H),T n is a pure (n − 1)-tuple, and if there exist n − 1 positive operators
for all i = 1, . . . , n − 1. Note that the above product is induced by the composition of linear maps
. An easy calculation yields
As a concrete example, let us consider a pure pair of commuting contractions (T 1 , T 2 ) ∈ S 2 (H) and set
On the other hand, by Szegö positivity of (T 1 , T 2 ), we have
and hence the claim follows.
2.4.
Transfer functions. Now we recall the definition and some basics of transfer functions (also known as functions in the Schur-Agler class) and refer the reader to [2] and [8] for further details. Let H i , i = 1, . . . , n, be Hilbert spaces, and let z ∈ D n . Let
and let E(z) denote the diagonal operator
on H. Let E and E * be Hilbert spaces, and let U : E ⊕ H → E * ⊕ H be a unitary operator. Assume that
Then the transfer function τ U corresponding to U is defined by
Moreover, a standard and well-known computation (cf. [2] , [8] ) yields that
. . , n}. For more details on S n (E, E * ) and the notations used above, we refer the reader to [2] and [8] . In other words, S n (E, E * ) is the set of all bounded B(E, E * )-valued analytic functions on D n such that the von-Neumann inequality holds for all n-tuples of commuting strict contractions on Hilbert spaces. The celebrated realization theorem of Agler states the following: Φ ∈ S n (E, E * ) if and only if there exist Hilbert spaces {H i } n i=1 and a unitary operator
We conclude this section by proving a useful lemma.
Lemma 2.2. Let H 1 , . . . , H n and E be finite dimensional Hilbert spaces, and let
is a unitary matrix on E ⊕ H and let
Then τ U is unitary valued almost everywhere on T n . Moreover, if A ∈ B(E) is completely non-unitary then for all z ∈ D n , τ U (z) does not have unimodular eigenvalues.
Proof. First note that the determinat of (I H − DE(z)) is a non-zero rational function in H ∞ (D n ). Therefore, τ U cannot vanish on a set of positive measure. Hence (I − DE(z))
exists for almost all z ∈ T n , and therefore the proof of the first part now follows from (2.1). For the second part, assume by contradiction that there exist z ∈ D n , λ ∈ T and a non-zero vector v ∈ E such that τ U (z)v = λv. Since τ U (z) is a contraction, it follows (in general) that
This yields
and consequently, the right side of (2.1) implies that
We see immediately that
and so A * v =λv.
This implies that A has a non-trivial unitary part, a contradiction. Thus the lemma follows.
3. Dilations for tuples in P n (H)
The main purpose of this section is to provide an explicit dilation theory for finite rank tuples in P n (H). Our dilation theorem is a consequence of an explicit commutant lifting theorem. For this we adopt a technique from the commuatnt lifting theorem on annulus [26] .
Let T ∈ T n (H) be such thatT n ∈ S n−1 (H) is a pure tuple. Also assume that there exist positive operators F 1 , . . . , F n−1 in B(H) and a unitary We also make use of the contractive multiplier
where
for all z ∈ D n−1 . Then Z * has the following well-known action on kernel functions:
where k z is the kernel function at z. Finally, we define J :
SinceT n is pure then the above sum converges, and J is a well defined bounded operator. It is worth mentioning here that the dilation map Π :
forT n and the map J defined above are related by the following identity
Now we exhibit various relations among these operators ı, Y, Z, J and Π, and describe them through several lemmas below.
Lemma 3.1. Let ı, Y, Z, J and Π be as above. Then for any p ∈ Z n−1 + , and ξ ∈ F , (3.9)
and (3.10)
Proof. For h ∈ H and ξ = (ξ 1 , . . . , ξ n−1 ) ∈ F , we have
This proves the first identity and proof of the second identity is similar.
Lemma 3.2. For any m ∈ DT
n and p ∈ Z n−1
Proof. For h ∈ H, m ∈ DT n and p ∈ Z n−1
The proof follows.
Proof. For any ξ ∈ F and p ∈ Z n−1
Since
, the proof follows. 
Proof. Let 0 < t n < 1 be a sequence converging to 1, and let X n := (1−t n )[I −t n (I ⊗D * )Z] −1 . We first claim that X n → 0 in the weak operator topology. To prove the claim we do the following computation. For the shake of simplicity of the computation we denote (I ⊗ D * )Z by S. First note that
So, X n is a contraction for all n.
Since E(z) * D < 1, the last term tends to 0 as t n → 1. This implies that X n → 0 in the weak operator topology. It is also easy to see thatΦ n (z) := C * E(z)(I − t n D * E(z)) −1 B * →Φ(z) as t n → 1 for all z ∈ D n−1 . Thus MΦ n → MΦ in the weak operator topology.
Thus for all m ∈ DT
Finally,
Since X n → 0 and MΦ n → MΦ in the weak operator topology as n → ∞, we have
This completes the proof.
The above lemmas lead us to the following explicit commutant lifting theorem which is very crucial in what follows. Theorem 3.5. Let T ∈ T n (H) be such thatT n ∈ S n−1 (H) is a pure tuple. Suppose that there exist positive operators F 1 , . . . , F n−1 in B(H) and a unitary U :
where 
for all z ∈ D n−1 . We setΦ := Φ − A * . Then for any p ∈ Z n−1 + and m ∈ DT
[by lemma 3.2 and lemma 3.4]
This completes the proof of the theorem.
Let T ∈ P n (H). We say that T is of finite rank if dim DT n < ∞, and dim F i < ∞, where F i = ran F i , and
for all i = 1, . . . , n − 1 (see the definition of P n (H) in Subsection 2.3).
We are now ready to prove the dilation theorem for commuting tuples in P n (H).
Theorem 3.6. If T is an n-tuple of operators in P n (H), then there exist an isometry Π :
Moreover, if T is of finite rank then Φ is an inner function in S n−1 (DT n , DT n ). In particular, the finite rank n-tuple T ∈ P n (H) dilates to the n-tuple of commuting isometries
Proof. According to the definition of P n (H), we know thatT n ∈ S n−1 (H) is a pure tuple. Let Π : H → H 2 DT n (D n−1 ) be the canonical isometry corresponding toT n as in Theorem 2.1. Then
for all i = 1, . . . , n − 1. Clearly (see Subsection 2.3)
Now let {G 1 , . . . , G n−1 } be the positive operators on H associated to T , that is
and so, in view of
for all l, m = 1, . . . , n − 1, we have
as
and so the map
. . , F n−1 h), for all h ∈ H, is an isometry. Now by adding an infinite dimensional Hilbert space K, if necessary, we can find a unitary U :
where F i = RanF i for all i = 1, . . . , n − 1. Thus the first part of the theorem follows from the theorem 3.5.
In the case when T is a finite rank operator tuple, since DT , M * Φ ) on H 2 E (D n−1 ) for some Hilbert space E and multiplier Φ ∈ S n−1 (E, E), then using [8, Theorem 5.1], it follows that
(ii) Let T = (T 1 , . . . , T n ) ∈ T n (H) be such thatT n ,T 1 ∈ S n (H) andT n is pure. Then T ∈ P n (H). Indeed, for G 1 = (I − T n T * n ) and G i = 0 for all i = 2, . . . , n − 1, we have
Thus the class of operator tuples P n (H) is larger than the class of operators considered in [9] , and therefore the above theorem provides a different proof of the dilation results obtained in [9] .
4. von-Neumann inequality for finite rank tuples in P n (H)
In this section we consider the von-Neumann inequality of operator tuples in P n (H) and establish a sharp von-Neumann inequality over a variety in D n for the class of finite rank operator tuples in P n (H).
Theorem 4.1. Let T ∈ P n (H) be a finite rank operator tuple. Then there exists a variety V in D n such that for any polynomial P ∈ C[z 1 , . . . , z n ],
Moreover, if T n is a pure contraction then one can take V to be a variety in D n .
Proof. Let (M z 1 , . . . , M z n−1 , M Φ(z 1 ,...,z n−1 ) ) on H P (e iθ 1 I DT n , . . . , e iθ n−1 I DT n , Φ(e iθ 1 , . . . , e iθ n−1 )) .
Also note that for j = 0, 1, sup θ 1 ,...,θ n−1 P (e iθ 1 I H j , . . . , e iθ n−1 I H j , Φ j (e iθ 1 , . . . , e iθ n−1 )) = sup θ 1 ,...,θ n−1
{|P (e iθ 1 , . . . , e iθ n−1 , λ)| : λ ∈ σ(Φ j (e iθ 1 , . . . , e iθ n−1 ))} ≤ P ∂V j .
Since Φ(e iθ 1 , . . . , e iθ n−1 ) = Φ 0 (e iθ 1 , . . . , e iθ n−1 ) ⊕ Φ 1 (e iθ 1 , . . . , e iθ n−1 ), we have by continuity and Lemma 2. For the second part, we prove V 0 is empty by showing that H 0 = {0}. Let Q = Π(H), where Π is the dilation map for T . First, we prove that
